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1 Introduction
The rate of convergence of singular integrals has been studied in [9], [13], [14], [15], [7], [8], [4], [5], [6]
and these articles motivate our work. Here we study the Lp, p ≥ 1, convergence of smooth Poisson-
Cauchy Type singular integral operators over R to the unit operator with rates over smooth functions
with higher order derivatives in Lp(R). We establish related Jackson type inequalities involving the
higher Lp modulus of smoothness of the engaged function or its higher order derivative. The
discussed operators are not in general positive, see [10], [11]. Other motivation comes from [1], [2].
2 Results
In the next we introduce and deal with the smooth Poisson-Cauchy Type singular integral operators
Mr,ξ(f ;x) defined as follows.
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Let f ∈ Cn(R) and f (n) ∈ Lp(R), 1 ≤ p < ∞, α ∈ N, β >
1





















Note 1. The operators Mr,ξ are not, in general, positive. See [10], (18).





dt = 1, that Mr,ξ(c, x) = c, c constant, see also [10], [11], and































We need the rth Lp-modulus of smoothness
ωr(f
(n), h)p := sup
|t|≤h
‖∆rtf











f (n)(x+ jt), (6)
see [12], p. 44. Here we have that ωr(f
(n), h)p <∞, h > 0.





k, k = 1, . . . , n ∈ N, (7)






















According to [3], p. 306, [1], we get
τ (w, x) = ∆rwf
(n)(x). (10)
Thus
‖τ(w, x)‖p,x ≤ ωr(f
(n), |w|)p, w ∈ R. (11)
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Using Taylor’s formula, and the appropriate change of variables, one has (see [6])
r∑
j=0






k +Rn(0, t, x), (12)
where





τ (w, x)dw, n ∈ N. (13)
Using the above terminology we obtain for β >
2⌊n2 ⌋+1
2α that






























)β dt, n ∈ N. (15)
In ∆(x), see (14), the sum collapses when n = 1.
We present our first result.
Theorem 1. Let p, q > 1 such that 1p +
1





p + n+ r
)






















































Hence as ξ → 0 we obtain ‖∆(x)‖p → 0.





then ‖Mr,ξ(f)− f‖p → 0, as ξ → 0.



























|τ (sign(t) · w, x)|dw


























|τ(sign(t) · w, x)|dw ≥ 0. (20)
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((n− 1)!)p(q(n− 1) + 1)p/q
) (23)










































































































































































































Thus by (17) and (29) we obtain
J = 2ξp(n−αβ)τ . (30)
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We notice that
0 < τ <
∫ ∞
0





























Then we can write












































p (n+ r − αβ) + 1
,
which is a positive number since β > 1α
(
1
p + n+ r
)
.
Consequently I2 is finite, so is I1, proving τ <∞.















































































That is finishing the proof of the theorem. 
The counterpart of Theorem 1 follows, case of p = 1.
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Hence as ξ → 0 we obtain ‖∆(x)‖1 → 0.
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We have gotten so far
‖∆(x)‖1 ≤
2Γ (β)αξ2αβωr(f
(n), ξ)1 · λ














































































































We have proved (33). 
The case n = 0 is met next.
Proposition 1. Let p, q > 1 such that 1p +
1















































Hence as ξ → 0 we obtain Mr,ξ → unit operator I in the Lp norm, p > 1.
Proof. By (3) we notice that,
















































































































































































































































































































































































































































































































































































(1 + T )
rp 1








































We have established (44).






















































p (r − αβ) + 1
,




, is a finite positive constant. Thus 0 < θ < ∞. 
We also give
Proposition 2. Assume β > r+12α . It holds



















Hence as ξ → 0 we get Mr,ξ → I in the L1 norm.
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Proof. By (47) we have again









Next we estimate∫ ∞
−∞












































































We have proved (49).







































(r − 2αβ + 1)
,
which is a positive finite constant. 
In the next we consider f ∈ Cn(R) and f (n) ∈ Lp(R), n = 0 or n ≥ 2 even, 1 ≤ p < ∞ and the







)β dy, for all x ∈ R, ξ > 0. (51)
That is
Mξ(f ;x) = W
∫ ∞
0




for all x ∈ R, ξ > 0. Notice that M1,ξ =Mξ. Let the central second order difference
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Furthermore by (4), (53) and (55) we easily see that

















































Here we estimate in Lp norm, p ≥ 1, the error function K(x). Notice that we have ω2(f
(n), h)p <∞,
h > 0, n = 0 or n ≥ 2 even. Operators Mξ are positive operators.
The related main Lp result here comes next.
Theorem 3. Let p, q > 1 such that 1p +
1





















































Hence as ξ → 0 we get ‖K(x)‖p → 0.
If additionally f (2m) ∈ Lp(R),m = 1, 2, . . . ,
n
2 then ‖Mξ(f)− f‖p → 0, as ξ → 0.





















dt ≥ 0, y ≥ 0, (61)
















































































































































= : (∗). (63)














































































































































[(n− 1)!]p (q(n− 1) + 1)p/q
. (66)



























































































































































































































(q(n− 1) + 1)p/q
. (73)
We have established (58). 
The counterpart of Theorem 3 follows, p = 1 case.
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Hence as ξ → 0 we obtain ‖K(x)‖1 → 0.
If additionally f (2m) ∈ L1(R),m = 1, 2, . . . ,
n
2 then ‖Mξ(f)− f‖1 → 0, as ξ → 0.
Proof. Notice that
∆˜2tf
(n)(x) = ∆2t f
(n)(x − t), (75)
















































































































































































(Y 2α + 1)β
dY
)










































3Y n + 3Y n+1 + Y n+2
) 1





















































We have proved (74). 
The related case here of n = 0 comes next.
Proposition 3. Let p, q > 1 such that 1p +
1































)1/q ω2(f, ξ)p, (78)
where








Hence as ξ → 0 we obtain Mξ → I in the Lp norm, p > 1.




















































































































































































































































































(1 + Y )
2p 1





































The proof of (78) is now completed. 
Also we give
Proposition 4. For α ∈ N, β > 32α , it holds,










































Hence as ξ → 0 we get Mξ → I in the L1 norm.
Proof. From (55) we have








Hence we get∫ ∞
−∞

































































































































We have established (82). 
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